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Abstract

We study the identification of individual-level associations when only aggregate data are available. We
characterize the biases of, and relationships among, canonical ecological inference (EI) estimators. We use
these results to develop a partial identification approach: monotone EI. The approach exploits information
about one or both of the following conditional associations: (1) outcome differences between groups within
the same neighborhood and (2) outcome differences within the same group between neighborhoods with
different group compositions. We show how assumptions about the sign of these conditional associations,
whether individually or in relation to one another, can yield informative sharp bounds. We illustrate our
results using county-level data to study differences in COVID-19 vaccination rates among Republicans and
Democrats in the United States.
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1. Introduction

Ecological inference (EI)—the use of aggregate data to investigate individual-level associations—is a
common challenge in fields such as political science, sociology, economics, epidemiology and public
health. EI is challenging because absent additional assumptions, very little about the direction or
magnitude of individual-level associations between the outcome and group membership can be inferred
from neighborhood-level data.

There are several canonical estimation strategies that have been proposed for EI settings, but
each requires strong assumptions. Ecological regression (ER; Goodman 1953) entails regressing
neighborhood-level outcomes on neighborhood-level rates of group membership. The approach is
unbiased only absent “contextual effects”—for example, it would be biased if one group is more likely
to live in neighborhoods where individuals of both groups tend to have higher values of the outcome.
Alternatively, the neighborhood model (NM; Freedman et al. 1991) uses group-weighted averages across
neighborhoods to estimate group means. It yields unbiased estimates under a different, but equally
strong assumption: that outcomes do not differ by group among individuals in the same neighborhood.
Other approaches to EI, including prominent contributions by King (1997) and Wakefield (2004), rely
on identification assumptions about the role of contextual effects within a parametric statistical model."

I'Specifically, King models the individual-level variables of interest as independent draws from a truncated bivariate normal
distribution, where truncation ensures that the estimated proportions fall in the unit interval. In doing so, King’s approach
requires a similar independence assumption as ER; the value of the approach is to combine the identifying power of that
assumption with the constraints implied by worst-case bounds. Wakefield considers a range of Bayesian hierarchical modeling
approaches.

© The Author(s), 2026. Published by Cambridge University Press on behalf of The Society for Political Methodology.
This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence (https://creativecommons.org/
licenses/by/4.0), which permits unrestricted re-use, distribution and reproduction, provided the original article is properly cited.


www.doi.org/10.1017/pan.2026.10048
https://orcid.org/0000-0002-2195-5469
mailto:dho@law.stanford.edu
https://creativecommons.org/licenses/by/4.0
https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/pan.2026.10048

Downloaded from https://www.cambridge.org/core. IP address: 107.194.203.4, on 10 Jul 2026 at 03:10:05, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/pan.2026.10048

2 Hadi Elzayn et al.

A limitation to all of these approaches is that they require strong and generally untestable assump-
tions for point identification. A potentially appealing alternative is therefore to focus on partial
identification methods, such as the so-called method of bounds (MOB; Duncan and Davis 1953), which
refers to the sharp bounds obtained from assuming only that the outcome is bounded. In practice,
however, the MOB interval is frequently wide and may not shed much light on the parameter of
interest.

In this article, we propose a middle-ground approach to identification in EI settings that strikes
a balance between obtaining informative results and relying on potentially more credible identifying
assumptions. The identifying assumptions we consider concern two quantities: (1) the between-
group within-neighborhood association—that is, outcome differences between groups within the
same neighborhood—and (2) the within-group between-neighborhood association—that is, outcome
differences within the same group across neighborhoods with different group compositions. We show
how assumptions about the sign of these conditional associations—whether individually or in relation
to one another—can aid identification. In particular, we derive sharp bounds for the outcome mean by
group and for the difference in group outcome means in EI settings in which the researcher can sign
one or both of the conditional associations. Because our identifying assumptions relate to the signs of
the conditional associations, we refer to our proposed method as monotone EI, in the spirit of Manski
and Pepper (2000).

A virtue of monotone EI is that it relies on weaker identifying assumptions than canonical EI
estimators, in that it does not require taking a stance on the exact magnitude of either the between- or the
within-group association. In contrast, we show that the NM estimator is unbiased only if the between-
group association is exactly zero, and ER is unbiased only if the within-group association is exactly zero.”
These distinctions are important in practice because in many settings of interest, the researcher will not
be able to entirely rule out within-neighborhood variation in group outcomes (so that the between-
group association may be non-zero) nor be able to rule out the presence of all contextual effects (so
that the within-group association may be non-zero). At the same time, theory or auxiliary data may
support an assumption about the likely direction of any such associations if they are present, enabling
monotone EL’

A related possibility is that a researcher may have reason to believe that the two conditional
associations run in the same direction as one another, even without necessarily knowing the direction.
For example, one might expect that the contextual effects in a particular setting would amplify any group
differences in the outcome that would otherwise exist, such as through social norms or local control over
policy-making, so that the within-group (between-neighborhood) association would tend to have the
same sign as the between-group (within-neighborhood) association. Under this condition, which we
refer to as contextual reinforcement, we show that the data identify the sign of the difference in group
means, and we provide sharp bounds for the group means as well as for their difference.

The main reason that monotone El is appealing as a research design is that its identifying assumptions
can often be reasoned about on the basis of expert institutional knowledge and/or auxiliary data. We
illustrate this type of reasoning in our empirical application, where we study differences in COVID-
19 vaccination rates by political party using county-level data. This topic has been the focus of
substantial interest in recent years, and much of the prior evidence is ecological in nature (Albrecht
2022; Ye 2023). We argue for the applicability of the contextual reinforcement assumption to this setting
and show that imposing it reduces the range of feasible values for the partisan vaccination gap by
approximately 67%.

King’s approach also imposes that the within-group association be zero a priori, but allows for a non-zero conditional
association after incorporating feasibility constraints based on the neighborhood-level data (for discussion, see Jiang et al.
2020 and Lewis 2001).

3 As we illustrate below, an auxiliary sample of individual-level data may be useful to assess the sign of one or both of the
conditional associations, even if the sample is not sufficiently large or representative enough to answer the primary research
question on its own.
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Our results contribute to a large literature that studies identification in EI settings; for surveys,
see, for example, Cho and Manski (2008), King (1997), and King, Tanner, and Rosen (2004). Most of
this literature focuses on point identification, with notable exceptions that include Duncan and Davis
(1953), Horowitz and Manski (1995), Cross and Manski (2002), Greiner and Quinn (2009), Manski
(2018) and Jiang et al. (2020). Among these, Manski (2018) in particular shares a key feature of our
approach, which is to consider sign restrictions on the joint distribution of individual-level variables
to aid in identification. However, the monotonicity assumptions we consider differ substantially from
those considered by Manski (2018). More recently, Li, Litvin, and Manski (2023) consider the role of
“bounded variation assumptions” for identifying personalized risk assessments from published medical
studies, a setting that shares some features of EI but also differs from it in important respects.

We contribute to this literature by proposing a novel partial identification strategy that can yield
informative bounds under appealing identifying assumptions. A distinct contribution is to provide
novel expressions for the relationship among canonical EI estimators as well as for their respective
estimands, clarifying the interpretation of results when they are applied.

Outside of the EI setting, our results relate to a literature that infers disparities in individual-level
data based on probabilistic estimates of group membership (Chen et al. 2019; Kallus, Mao, and Zhou
2022; McCartan et al. 2024). Closest to our approach is Elzayn et al. (2025), which applies a partial
identification strategy for estimating income tax audit disparities by race using individual-level data and
probabilistically inferred racial characteristics based on the sign of conditional covariance terms that are
the individual-level analogs to the conditional associations we study." Our approach is also similar in
spirit to prior work that studies the identification of treatment effects when the researcher substitutes
identifying assumptions based on inequalities for identifying assumptions based on equalities (e.g.,
Manski and Pepper 2000, 2018; Molinari 2010; Rambachan and Roth 2023).

We proceed as follows. Section 2 describes our empirical setup. Section 3 analyzes and relates several
canonical EI estimators. Section 4 derives sharp bounds on differences among group means. Section 5
extends the same approach to identifying levels of the group means. Section 6 considers neighborhood-
level identification. Section 7 illustrates our approach with an EI analysis of partisan gaps in COVID-19
vaccinations. Section 8 concludes. The Supplementary Material contains proofs and additional results.
An open-source R software package, MonotoneEl, is available to implement our proposed approach. The
software and accompanying documentation are available at https://github.com/reglab/MonotoneEI.

2. Empirical setting and notation

Each individual is characterized by three variables: the outcome of interest (Y), the group to which they
belong (X) and the neighborhood in which they live (N). To keep things simple, we focus on the case
in which group membership and the outcome of interest are each binary: X € {0,1} and Y € {0,1}. The
analysis extends naturally to settings in which there are more than two groups or in which the outcome
is continuous, as we discuss in the Supplementary Material.

We are primarily interested in the mean values of Y by group

Y =E[Y]X =x],
as well as the difference in group means
D=E[Y|X=1]-E[Y|X =0].

Following the presentation of our main results, we also consider the identification of these statistics for
specific neighborhoods (see Section 6).

The core feature of the EI setting is that we do not observe individual-level values of X or Y. Rather,
we observe one (aggregated) value of X and Y per neighborhood. We denote these aggregated values by

*Elzayn et al. (2025) does not relate its approach to EI nor show the sharpness of the bounds we provide here.
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Xy =E[X|N] and Yy = E[Y|N], respectively. We denote the neighborhood-level means of X and Y for
a specific neighborhood n by X, = E[X|N =n] and Y, = E[Y|N =n].
The distribution of individuals across neighborhoods is given by

P, =Pr(N=n).

We assume the researcher can directly observe (Xu,Y,,P,) for each n, deferring issues of sampling
uncertainty and statistical inference to our empirical application.

In our empirical application studying COVID-19 vaccinations, Y indicates whether an individual is
vaccinated, X indicates whether an individual votes Republican and N indicates the county in which
the individual resides. The share of vaccinated individuals in county # is denoted by Y, and X,, denotes
the share of county residents who vote Republican. Our goal will be to use these county-level data to
estimate the partisan vaccination gap, D, which we define as the difference in the mean vaccination rate
of Republican relative to Democratic and third-party voters, E[Y | X = 1] -E[Y | X = 0].

Another common application of EI methods is to study group differences in voting behavior. For
example, a researcher might seek to use precinct-level voting data to measure election turnout by race. In
that setting, Y would indicate whether an individual votes, X would indicate membership in a particular
racial group, and N would denote the individual’s precinct. The researcher would then infer differences
in turnout rates by race (D) using the available precinct-level data on racial composition (Xy) and
turnout (Yy).

We next introduce a statistic summarizing the coarsening of the information on group membership
(X) due to aggregation. By the law of total variance, we can decompose the total variation in X into the
portions that are and are not explainable by neighborhood:”

Var(X) = Var(Xy) +E[Var(X) | N]. (1)
We then define the group aggregation ratio
_ Var(Xn)
~ Var(X)

to measure the share of the total variance in group membership that is attributable to neighborhood.®
When neighborhoods do not differ much in group prevalence, Var(Xy)—and therefore y—will be
small. In the extreme, when ~y = 0, group composition does not vary at all across neighborhoods.
Conversely, larger values of -y correspond to more information on group membership being preserved,
with 7y = 1 corresponding to the extreme scenario in which each neighborhood is entirely homogeneous
by group (i.e., all individuals within the neighborhood are of the same group).” Because the ER estimator,
and the bounds that we derive based on it, are not defined when 7y = 0, we assume throughout that
~v€(0,1].

Many of our subsequent results relate to two conditional associations summarizing the relationship
between X, Y and N. We define the between-group association as

0 =E[Cov(Y,X|N)].

Intuitively, the between-group association measures differences in the outcome between individuals
of different groups who live in the same neighborhood as one another. It reflects the portion of the
association between X and Y that is not explained by neighborhood. In the context of our empirical
application, for example, §p captures average within-county differences in vaccination uptake between

SWe define all population moments, including those over neighborhood-level variables, with respect to the distribution of
those variables among individuals. This implies, for example, that E[Xy] = E[X] .

Equivalently, one can interpret + as the R? from the regression of X on neighborhood fixed effects.

"Related measures of the information loss due to aggregation have been considered within the EI literature. For example,
corresponds to 7])2(’ 4 in Equation (1) of Robinson (1950).
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Republican and Democratic voters. Similarly, in a voting turnout application, §p would reflect average
racial differences in turnout among individuals in the same precinct.
The second conditional association on which we focus is the within-group association

(Sw = E[COV(Y,XN|X)] .

The within-group association captures within-group differences in the outcome across neighborhoods
with different group compositions. That is, it measures the portion of the association between X and
Y that is attributable to neighborhoods, holding individual group membership constant. To illustrate,
in our empirical application, dw captures differences in vaccination uptake among individuals who
are registered for the same political party who live in neighborhoods with differing concentrations
of Republican voters. It would tend to be negative if Republican voters living in mostly-Republican
neighborhoods were vaccinated at lower rates than Republican voters living in mostly-Democratic
neighborhoods, and similarly, if Democratic voters living in mostly-Republican neighborhoods were
vaccinated at lower rates than Democratic voters living in mostly-Democratic neighborhoods. In the
context of a voter turnout study, 6w would reflect differences in turnout among individuals of the same
racial group living in precincts with differing concentrations of minority residents. For example, it would
be non-zero if both minority and non-minority residents tended to be less likely to turn out for an
election when their precinct has a high fraction of minority residents.

In the next section, we study canonical approaches to EI estimation through the lens of the group
aggregation ratio and these conditional associations.

3. Canonical El estimators

This section focuses on three common approaches for studying group-level differences in EI settings: ER,
the NM and the MOB.® We present these familiar estimators informally; the Supplementary Material
contains additional detail. For ease of exposition, we initially focus on identifying the difference in group
means (i.e., D), deferring consideration of the levels of the group means (i.e., Y? and Y?!) to Section 5.

3.1. Ecological regression

The most common approach to EI is ER (Goodman 1953). The ER estimate for the difference in group
means is the coefficient for Xy from the weighted neighborhood-level regression of Yy on Xy, with
weights based on neighborhood population (P,). In our empirical application, for example, ER involves
regressing county-level vaccination rates on county-level Republican vote shares; the ER estimate for
the partisan vaccination gap is the estimated slope from this regression.

We focus on the ER estimator’s asymptotic limit under an iid sampling process’:

COV( YN,XN)
Dgr= ——F-——
Var(Xy)

The following proposition relates the bias of ER to the within-group association."’

8We focus on these approaches (as opposed to other popular methods like King (1997)) because they will appear as inputs
into the monotone EI bounds we derive.

9Recall that all moments are defined with respect to the population of individuals, which is why the regression weights
Py do not appear in the Dgg formula. Computing the sample analog to this quantity would involve weighting each observed
neighborhood-level quantity by its population share, P,, as formalized in the Supplementary Material.

0Throughout, we use “bias” to refer to the asymptotic bias of the specified estimator, that is, the difference between what
the estimator identifies and the target estimand. Propositions 1 and 2 are the EI analogs to Propositions 1.1 and 1.2 in Elzayn
et al. (2025), which apply to individual-level data in which group membership is replaced by probabilistic proxies.
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Proposition 1 (Bias of ER for difference in group means).

dw

Der =D = Var(Xy)’
where dy = E[Cov (Y,Xn|X)].

The proof of Proposition 1, and all subsequent results, is provided in the Supplementary Material.

When §w is non-zero, ER is biased because differences in the prevalence of groups across neigh-
borhoods are conflated by other neighborhood-level contextual effects (Ansolabehere and Rivers 1995;
Goodman 1953). Proposition 1 provides a simple expression for how such contextual effects shape this
bias.

Proposition 1 implies the following corollary.

Corollary 1. The ER estimand, Dgg, is unbiased if and only if dw = 0.

A related condition that is often discussed in the EI literature is the constancy model, under which
each group’s outcomes are the same in each neighborhood, Y; = Y* for all # and for each x € {0,1}.
Although this condition implies dw = 0, the converse is not true.

3.2. The neighborhood model

An alternative EI method for estimating group differences is the so-called NM (Freedman et al. 1991).""
To estimate D, the NM first constructs estimates of Y” and Y. Each group-specific estimate is formed
from the weighted average of the outcome across neighborhoods, with weights equal to the specified
group’s prevalence in each neighborhood. In our empirical application, for example, the NM estimate
for the Republican vaccination rate is the average of county-level vaccination rates, weighted by the
prevalence of Republicans in each county. The NM estimate for D is then formed as the difference in
the NM estimates for Y° and Y.

As with ER, we will focus on the NM estimator’s asymptotic limit:

E[XyYn] E[(1-Xn)Yn]
DNM = - .
E[Xn] E[1-Xy]

The following proposition shows that the bias of the NM is determined by the between-group

association.

Proposition 2 (Bias of the NM estimator for the difference in group means).

—5p
D =D = Var(X)’
where 05 = E[Cov(X,Y|N)].

Intuitively, dg measures how much groups differ within the same neighborhood. If dg > 0, group 1
tends to have higher outcomes than group 0 within each neighborhood. In that case, the NM, which
effectively averages neighborhood outcomes weighting by group presence, tends to understate the true
difference in group means because it ignores that group 1 individuals are disproportionately in higher-
outcome positions within each neighborhood. Conversely, when g < 0, the NM overstates the difference
in group means because it ignores that group 1 individuals tend to have lower outcomes than group 0
individuals within the neighborhoods being averaged.

Proposition 2 also implies the following corollary.

(Freedman et al. 1991) propose two model variants: the non-linear NM and the linear neighborhood model. Our focus is
on the former.
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Corollary 2. The NM estimand, Dy, is unbiased if and only if §p = 0.

Freedman et al. (1991) noted that the NM point-identifies E[ Y | X, N = 1] for a specific neighborhood
n under the related condition that there is no systematic difference in the outcome between groups
within that neighborhood, that is, E[Y|0,N = n] = E[Y|1,N = n]. Because our focus is on group
differences over the entire population (rather than for a specific neighborhood), Corollary 2 requires
only that there be no within-neighborhood differences on average.

We are now in a position to highlight some connections between the ER and NM approaches. First,
note that the two estimands follow a close mechanical relationship, mediated by the group aggregation
ratio.”

Lemma 1 (Relationship between NM and ER).
Dy = 7 Dg,
Var(Xy)

Var(X) *
Using Lemma 1, we can next derive the following identity.

where v =

Proposition 3 (Relationship of conditional associations and group aggregation ratio).

5w+53
Var(X)'

D(1-7)=

Because dw and Jp control the respective biases of the ER and NM estimators, Proposition 3
shows that the performance of these estimators is fundamentally linked and related to the amount of
information lost due to aggregation (via ). In particular, when group prevalence does not vary much
by neighborhood (so that most of the variation in X is within rather than between neighborhoods),
will be small, and the sum will be large relative to the actual difference in group means, D. Finally, in
conjunction with Corollaries 1 and 2, Proposition 3 establishes that except in special cases (i.e.,y =1 or
D = 0), the assumptions justifying the ER and NM estimators are mutually exclusive.

3.3. Method of bounds

Whereas ER and the NM vyield point estimates for D, an alternative approach is to calculate the most
extreme values of D that are consistent with the observed data. In EI settings with binary Y, consistency
with the data requires that, for each neighborhood n, (i) Yy € [0,1]; (ii) Y, € [0,1]; and (iii) X,, Y, + (1 -
X,)Yy = Yy, where Y} = E[Y|N = n,X = x]. The MOB interval for the group means is defined by the
minimum and maximum values that satisfy these constraints. The interval for the difference in group
means is then derived by comparing the minimum and maximum values that each group mean can
take on.

Proposition 4 (MOB for difference in group means). Define the following parameters:

]E[min {YN,XN}] —E[XN]]E[YN]

Dison = Var(X)
and D= _ ]E[YN](l—E[XN])—]E[miH{YN,I—XN}]
MOB Var(X) '

It follows that
D € [Diios Daos] -

These bounds are sharp.

2Surprisingly, the relationship in Lemma 1 has not received attention in the EI literature. The only prior reference to it that
we could identify appears in an unpublished monograph (Ansolabehere and Rivers 1995).
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The insight underlying Proposition 4 is originally due to Duncan and Davis (1953); it has been
extended and formalized by Horowitz and Manski (1995), Cross and Manski (2002) and Cho and
Manski (2008), who focus on neighborhood-level bounds. Proposition 4 provides a closed-form
expression for the aggregation of those neighborhood-specific bounds to the population-level.

We next relate the MOB interval to the ER and NM point estimates. Beginning with the latter,
note that the aggregate data can never rule out the possibility that outcomes are homogeneous within
neighborhoods, that is, that 6z = 0. Hence, the NM estimate is guaranteed to fall within the MOB
interval.

Corollary 3. Dy € [DX,IOB,DX/IOB] .

In contrast, no such guarantee is available for dw; as a result, the ER estimate may sometimes be
infeasible. Comparing the MOB endpoints to the expression for Dgr in Proposition 1 sheds light on
when this occurs.

Corollary 4.

Dgr > Dijop <= 6w >y Var(X) (DITJOB —D), and
Dgr < Dyjop <= Sw < —7 Var(X) (D-Daog) -

Corollary 4 shows that ER is more likely to yield an infeasible estimate when + is small. Intuitively,
when neighborhoods barely differ in their group composition, ER infers the slope based on small
variations in Xn. Any residual correlation between Xy and Yy (reflected by a non-zero dw) is thus
amplified, leading to extreme values of Dgg.

Because the bounds in Proposition 4 are sharp, they highlight the limits of what can be learned from
the data in EI settings without imposing additional assumptions. In particular, the following lemma
shows that the aggregate data are more informative about D as neighborhoods are more (internally)
homogeneous with respect to either group membership or outcome.

Lemma 2 (Width of MOB interval).

Dyios — Do = [min{Xy,1-Xy,Yn,1-Yn}].

_1 g
Var(X)

To illustrate, suppose that individuals are perfectly sorted across neighborhoods according to their
group, that is, X, € {0,1} for all n. In this case, Lemma 2 shows that the MOB interval collapses to a
single point (i.e., D). Moreover, because this setting (i.e., homogeneity of groups within neighborhoods)
corresponds to v = 1, Lemma 1 implies that Dy = Dggr. Finally, because the MOB interval always
contains Dy (Corollary 3), it must be the case that all three of the canonical EI approaches converge
on the true value of D. We can therefore conclude that y = 1 implies Dgr = Dy = Diyjop = Daios = D-

A different limiting case occurs when individuals are sorted across neighborhoods according to
outcomes rather than groups, that is, Y, € {0,1} for all #. Here too, Lemma 2 implies that the MOB
interval collapses to a single point, which again must coincide with both D and Dyy. However, unless
neighborhoods also happen to be perfectly homogeneous with respect to group, we will not have
7 =1, so from Lemma 1, we know that Dgr # Dny = D. Hence, whereas selection of individuals into
neighborhoods according to group membership guarantees unbiasedness for all three of the canonical
approaches, selection into neighborhoods according to outcomes implies that only the NM and the
MOB will be unbiased.

Beyond these limiting cases, the informativeness of the MOB bounds for D can be related to
the degree of information about X and Y lost through aggregation, as illustrated by the following
proposition.
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Proposition 5 (Maximum width of the MOB interval). The MOB width is bounded as follows:

Var(Y) (1_Var(YN))}.

Var(X) Var(Y)

0 < Diios — Dyios SZmin{l—’y,

Proposition 5 provides an upper bound on the width of the MOB interval; the actual interval may
be more informative in a particular application. Interestingly, the proposition shows that D can be
recovered with relative precision when either 7y or %
of X, and Y, can independently constrain the range of feasible group means for a given neighborhood.
In contrast, when aggregation eliminates most of the information about both X and Y, then the bounds

on D may be relatively wide.

is close to 1. This is because extreme values

4. Signing the conditional associations

In this section, we study how assumptions about the sign of the within- and between-group associations
can aid with identification.

We begin with the within-group association. When dw > 0, we know from Proposition 1 that ER will
overstate the true difference in group means, that is, Dgr > D. We can tighten our preexisting bounds
for D (i.e., the MOB interval) by intersecting it with this new one-sided bound on D to obtain

Sw >0 == D¢ [Dyop, Min{Djyop, Der }]- ®)
The direction of the ER bias is reversed when dy < 0:
Sw <0 == D e [Max{Dyop, D } , Drros] - €)

We can proceed analogously to derive bounds based on the sign of the between-group association
using Proposition 2:

0p20 = D¢ [DNM,DX/IOB] )
and
0p<0 == D¢ [DX/IOB,DNM]. (5)

Because the NM estimate is guaranteed to be within the MOB interval (Corollary 3), the bounds in
(4) and (5) have a simpler form than those appearing in (2) and (3).

Just as knowledge of the sign of one conditional association can aid in identification, knowledge of
the signs of both dw and dp can further narrow the feasible range of values that D can take on. For
example, if 5 and Jw are both known to be positive, one can intersect the bounds in (2) and (4) to
obtain:

Sw >0 and 65 >0 == D € Dy, Min {Dyop, Der} . (6)

Table 1 applies the logic reflected in Equations (2)-(6) to describe what can be concluded about D
based on what is assumed about dw and dg. When nothing is assumed (top-left cell), the identification
region is equal to the MOB interval. At the other extreme, when either dw or ¢ is assumed to be zero
(top row or rightmost column), the bounds reduce to either Dyy or Dgg.

Theorem 1 (Identification of D with monotone EI). Suppose -y € (0,1). Table 1 provides sharp bounds
for D based on the specified assumptions.

Whereas the bounds in Equations (2)-(6) are based on assumptions about the respective signs of
dw and Jp, in some settings, it may be more credible to assume that dw and dp share the same sign
as one another, without taking a stance on what that shared sign is. We refer to this condition, that is,
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Table 1. Identification of the difference in group means

Within\Between 53 =? 53 >0 LSB <0 (53 =0
ow =? De [DI;OBVDI\;OB] De [DNMVD?W—OB] De [D»_wsvDNM] D = Dyu
Sw>0 D €[ Do, Min{Djos, Der}] 0 < Dww <D <Min{Djos,Der} D€ [Dyos, Min{Dwis,Der}] D= Dum
Sw<0 D e[Max{Dyog, Der}, Djiog] D€ [Max{Der,Dum},Dyio]  Max{Djo5,Der} <D <Dy <0 D =Dy
Sw=0 D = Dgp D = Dgp D =D D=0

that dg- 0w > 0, as contextual reinforcement and illustrate the type of reasoning that might support it in
Section 7.

Proposition 6. (Identification of group differences with contextual reinforcement)
If contextual reinforcement holds (i.e., if dw - 0p > 0), then either:
(@)
0<Dnm <D< Min{DJT,IOB,DER}, or
(ii)
Max {DIT/IOB , DER} <D< Dnp<0.

(iii) The bounds in (i) and (ii) are sharp.
The following corollary follows directly.

Corollary 5. If contextual reinforcement holds, then
Sign(D) = Sign (Dgr) = Sign (Dnm) -

Thus, when contextual reinforcement holds, a researcher can look to the sign of Dy or Dgg to learn
which bounds apply, as well as to identify the sign of D.

Finally, like the MOB interval, the width of the contextual reinforcement bounds is shaped by ~;
this is because y controls the divergence between Dy and Dgr (see Lemma 1). Hence, when 7 is close
to 1, Dgr — Dy will be small, and the contextual reinforcement bounds are guaranteed to be relatively
informative about D.

5. Identification of group mean levels

This section maps our results for identifying the difference in group means, D, to the task of identifying
the group means themselves, Y° and Y'. Each of the canonical EI approaches we have considered for
estimating D can also be applied to estimate the levels of the group means.

With ER, this amounts to incorporating the estimated intercept term. Doing so yields the following
estimands:

COV( YN,XN)

YgR =E[Yn]- ( Var(Xy)

)E[XN]

and

COV( YN,XN)

Yir =E[Yn]+ ( Var(X)

)(1—E[XN]>.
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Table 2. Identification of the group 1 mean

Within\Between 65 =? 53 >0 65 <0 63 =0
ow =12 V" & [Visoe: Yivoe] V! e [Viun Vit V' € [Visoe: Vi Y=Yy
Sy >0 Y e [Vaoss Min{Yee, Vios 1] Y € [Yas Min{Ve,Vies} ] V'€ [Viog Min{Yap Yee ] V! = Vo
dw <0 V! e [Max{Yiop Ve } Vo] V' € [Max{Yee, i} Yiros] V" & [Max{Yee,Viigw } . Yam]  ¥" = Vi
Sw=0 Y=Yk vi=vh Yt=vh yt=v°

For the NM, the asymptotic limits of the group mean estimates are given by

1 E[XnYn]
Ynm = —IE[XN]

o _E[(1-Xn)YnN]
Yoo = E[1-Xy]

Finally, for the MOB, intervals corresponding to the group mean levels are given by

Y' €[ Yoo, Yaios]

and
Y" €[ Yo, Yaios ],
where
i Efmax{Yy-(1-X0).0}] . E[min{¥y.Xy}}]
MOB E[X] , YmoB * E[X]
and
0- | E[max{YN—XN,O}] 0+ | E[min{YN,l—XN}]
Yyos = » YymoB =

1-E[X] 1-E[X]

We can relate the biases of the ER and NM estimates of Y° and Y' to dw and &5 in a similar manner
as we did for the corresponding estimators for D, as formalized in the following proposition.

Proposition 7 (Bias of ER and NM for group means).

vyt Ow(-EXD) o o owE[X]
Var(Xy) Var(Xy)
1 1 08 o o_ OB
T =Y =gy Y=Y =

We can now use the results in Proposition 7 to obtain bounds for the group means just as we used
Propositions 1 and 2 to bound D in the prior section.

Theorem 2 (Identification of Y with monotone EI). Suppose v € (0,1). Tables 2 and 3 provide sharp
bounds for Y! (Table 2) and Y° (Table 3) under the specified assumptions.

Finally, if contextual reinforcement is assumed, one can first use Proposition 6 to learn the (common)
sign of dg and dw, and then use that information to determine the applicable bounds on Y% and Y! from
Tables 2 and 3.
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Table 3. Identification of the group 0 mean

Within\Between 68 =7 53 >0 53 <0 65 =0
w =" v & [Visoe: Yivos] Y € [Vios: Vi Y & [Viun Yiros] Y’ = Vi
Sw>0 YO e [Max{V,Vyos } Yowe] Y° € [Max{Vee, Yoos}:Yam] YO € [Max{Vie,Yi} Yies] Y°="Yau
ow<0 Ve [Viios Min {Yge,Visos } ]V € [Viio: Min {¥au Yee } ] Y® € [Vit Min {Ver Vitos }] ¥ = Vi
Sw=0 Y=y, Y=y, Yo =y, Yo =y

6. Neighborhood-specific group means and differences

Our focus so far has been on group means for the overall population. In this section, we consider group
means for individuals in a specific neighborhood, Y;; =E[Y | N = n,X = x], or the difference in group
means for individuals within that neighborhood, D, = Y-y

To start, recall that the MOB provides sharp bounds on Y;, and D, for each n and x (Cho and Manski
2008; Duncan and Davis 1953)"°:

Yy € [ Yaros,n, Yaios,n]
and
Dy € [DJI/IOB,naDX/IOB,n] .

As above, we can narrow the MOB interval by imposing sign restrictions on various aspects of the
unobserved individual-level relationship between Y, X and N. Consider first the neighborhood-level
analog to the between-group association, previously studied by Manski (2018). Define

0,n := Cov(Y,X|N =n).

Whereas ¢p describes the average between-group variation within all neighborhoods, d3 , refers to the
between-group variation for a specific neighborhood #. Because X is binary, dp,, = Dy, - Var(X|N = n).
It follows that

08.n >0 < (i) D, >0, (i) Y, > Y, and (iii) Yy < Y,.

As in Section 4, intersecting these one-sided bounds with the applicable MOB interval yields sharp
bounds (Manski 2018).

We next consider the identifying power of assumptions on the neighborhood-specific analog to the
within-neighborhood association, which has not to our knowledge been studied in prior research. Let
tix(x,) denote the conditional expectation of Y for a member of group x in a neighborhood with group-
prevalence x:

tx(x2) =E[Y | X = x, XN = x4 ].

It will be convenient to assume that if two neighborhoods have the same group prevalence, they also
share the same group means'*:

Y, = px(Xy) for all x,n.

We also restrict our focus to neighborhoods with group prevalence values for which the first derivative
of pux(+) exists for each x, and we denote those derivatives by p%(-)."

BThese i i (G o- - _ Yymmind¥, X} yor e [ Y gLy
These intervals are defined by Yyt = mm{x,,’l}’ Yyop,n = > Yyjop,n = Miny =515 Yo, =

1-X,
Y,-min{¥,,1-X,} + _ yl+ 0— — _ yl- 0+
X > Dyviog,n = Yaos,n = Ymos, w and Dyio,n = Yrios,n = Ymos, n-

14We consider the case where this assumption does not hold in the Supplementary Material.
'Formally, we define pi}(x,) = limy—o (E[Y | X =2, X = x4+ u] ~E[Y | X = x, X, = x]).
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For neighborhood #, define the local within-neighborhood association dw, , as
Sw,n = X 111 (Xn) + (1= Xn) 16 (X

Conceptually, §w,, captures the within-group association between the mean of the outcome, Y, and the
group prevalence of the neighborhood, Xy, among individuals in neighborhoods with a particular level
of group prevalence. It differs from dw in that dw depends on a summary measure of the relationship
between Y and Xy across all neighborhoods, whereas dyw,, reflects the “local” relationship between Y
and Xy at a particular group prevalence level.

Although 14 and ) are unobserved, we do observe the overall conditional expectation function of
Yn given Xy, which is the mixture of the group-specific conditional expectations functions

fu(%n) = 2 pa (xn) + (1= ) a0 (36n) @)

We also observe the derivative of the overall regression function, u’(x,), which, by construction, is
guaranteed to exist.
Differentiating (7) yields

1 (2n) = 1 (%) = 10 (xn) + 2 o1 () + (1 =% 1 ()
=D,,+§W’,,. (8)

Equation (8) links D, to the derivative of the conditional expectation function, which is observable, and
to dw,», which is not. An assumption about the sign of dw, , can therefore be combined with observation
of 1t (X)) to bound D,, and by extension, Yy, and Y;, as formalized in the following proposition.

Proposition 8. (i) If dw,, > 0:

Dy e [DIT/IOB,m min {IU/,(Xﬂ)vDIT/IOB,n}]v
Y, € [Yasom,m min { Yatop, m, Yo + (1= Xn) - 1t (Xa) }1,
and Yg € [maX{YI(\)/I_OB,mYn =Xy '/L,(Xn)}ayj(\)/I%B,n]-

(i) If Sy, < 0:

D, e [maX{Nl(Xn)aD;/IOB,n} 7D;/IOB.,n]7
Yy € (max{Yyop,n Yo+ (1-Xa) - 1" (Xa) }, Yatos n
and Y;? € [YIQ/FOBJU min{Yl?/[BB,m Yy —Xn 'N,(Xn)}]'

(iii) The bounds in (i) and (ii) are sharp.

Intuitively, the bounds in Proposition 8 are the neighborhood-specific analog to the population-level
bounds based on the sign of dw that were derived in Sections 4 and 5. The main difference is that the
neighborhood-specific version relies on the derivative of the conditional expectation function ' (x),
which serves as a local version of the ER slope.

These bounds can be further narrowed by combining assumptions on the signs of the (local)
conditional associations, as in the earlier sections.

Finally, consider the possibility that the researcher has information not about the individual signs
of 0w, and Jp,, but rather that these two (local) conditional associations share the same sign as one
another. This is the local analog to contextual reinforcement and yields an analogous identification
result.
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Proposition 9. Suppose that dg - Ow,n > 0. Then:
(i) 1/ (Xn) > 0 implies

D, ¢ [O, min{u'(Xn),DX,IOB’n}],
Y, € [ Yo, min{ Y, + (1-Xa)pt' (Xa), Yazon } ]
and Y, € [max{Yyop, m Yn—Xnpt (Xn) }, Ya].
(i) p'(Xn) < 0 implies
Dy e [maX{NI(Xn)aD&OB,n}aOL
Yy € [max{ Yo, n, Ya+ (1= Xa) ' (Xn) }, Y],
and Y, € [Yu, min { Y, - Xopt'(Xn), Yaion, })-

(iii) The bounds in (i) and (ii) are sharp.
(iv) Sign(Dy) = Sign (11’ (X»)) .

We will illustrate these bounds in our empirical application, described in the following section.

7. Empirical application

To illustrate an application of monotone EI, we investigate partisan polarization in COVID-19 vaccine
uptake. This question has been of interest to policymakers, academics and the media (Collins 2024; Jones
and McDermott 2022; Milligan 2021). Most research in the U.S. context has had to rely on EI, as joint
individual data on vaccination status and partisan membership are not available for a large nationally
representative set of individuals (e.g., Albrecht 2022; Ye 2023).

Our primary dataset consists of county-level data from 3,115 counties on COVID-19 vaccination
uptake and partisanship. We measure vaccination uptake as the share of county residents who had
received one or more COVID-19 vaccinations as of December 31, 2021, obtained from the Centers for
Disease Control and Prevention (2024). We measure partisanship as the fraction of voters in the county
who cast their ballot for the Republican candidate in the 2020 presidential election, obtained from the
MIT Election Data and Science Lab (2020).'® Our goal is to use the county-level data to estimate the
partisan vaccination gap, which we define as the difference in the mean vaccination rate of Republican
voters relative to Democratic and third-party voters.

Figure 1 plots the binned county-level data. The figure shows a clear downward trend: counties
with higher Republican vote share tend to have lower vaccination rates. The pattern is consistent
with the possibility that Republican voters are vaccinated at lower rates than Democratic and third-
party voters. However, this interpretation is potentially subject to the ecological fallacy; counties with
higher Republican voter share may have lower vaccination rates for reasons unrelated to partisan
composition (Ye 2023). Indeed, the MOB interval for the partisan vaccination gap ranges from -77.4
to 52.8 percentage points. Without further assumptions, the county-level data do not provide much
information about the magnitude or even direction of partisan differences in vaccinations. Point
identification approaches also diverge sharply: the NM and ER imply respective partisan vaccination
gaps of —5.5 and —47.9 percentage points.

To sharpen identification through monotone EI, consider first the sign of the between-group asso-
ciation, E[Cov(Y,X|N)], which here refers to differences in vaccination uptake between Republican
and Democratic voters living in the same county. Prior research provides some basis for expecting
the between-group association to be negative; there are well-documented partisan differences in

16We focus on this measure of partisan ideology rather than Republican party voter registration to be consistent with the
prior EI research on the topic. A second reason is that a meaningful share of voters are registered as independent, and the
ideologies associated with voters in this group are likely to vary widely across different counties around the country.
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Figure 1. County vaccination rate by county Republican vote share. Note: The figure reports county-level COVID-19 vaccination rates by
the share of voters in the county who voted for the Republican candidate in the 2020 presidential election. Counties are grouped into
100 equal-population bins. The neighborhood model estimates for the mean vaccination rates among Republican and non-Republican
voters are, respectively, denoted by the lower and upper red dotted lines. The ecological regression line is in black.

information sources that are not fully mediated through neighborhood (Iyengar and Hahn 2009; Peter-
son, Goel, and Iyengar 2021), and the prominent Republican politicians featured on more conservative
media outlets were more likely to espouse anti-vaccination beliefs and/or downplay the health risks
associated with the COVID-19 virus as vaccinations were made available (Albrecht 2022; Gollwitzer
et al. 2020; Hornsey et al. 2020).

The within-group association, E[Cov(Y,Xn|X)], refers to differences in vaccination uptake among
individuals who vote for the same political party who live in neighborhoods with differing concen-
trations of Republican voters. Like the between-group association, there is some reason to expect the
within-group association to be negative. For example, Republican counties tend to be lower income and
more rural (Figure S2 in the Supplementary Material), which are factors associated with lower access to
public health services like vaccinations (Hernandez et al. 2022; Parolin and Lee 2022; Sun and Monnat
2022).

More generally, there are reasons to expect that the two conditional associations share the same sign
as one another, whether that sign is positive or negative. One mechanism through which such contextual
reinforcement may operate is network effects, such as social norms or peer effects. In particular, people’s
health behaviors are known to be influenced by the people around them (Klaesson, Lobo, and Mellander
2023; Sato and Takasaki 2019), and in mostly Republican counties, a larger share of the people with
whom one interacts are likely to be Republican. Thus, if the Republicans in a neighborhood tend to be
more skeptical of COVID-19 vaccinations (i.e., the between-group association is negative), that is likely
to reduce the vaccination rate among both Democrats and Republicans living in that neighborhood.
In the words of one author, “In many communities, wearing a mask or getting a [COVID-19] vaccine
became a political statement, with many Republicans arguing that these actions violated their individual
freedoms and were unnecessary anyway” (Albrecht 2022). Along similar lines, for many people, vaccine
uptake may depend in part on local policies, such as whether vaccines are mandated for public sector
employees (Howard-Williams et al. 2022). Thus, if Republicans exhibit more vaccine hesitancy, we would
expect that counties in which more Republicans live would be more likely to elect leaders that do not
adopt pro-vaccine policies, leading to lower vaccine rates for county residents, whether Democratic or
Republican."”

17 Analogously, Patterson (2022) finds that states with Republican governors were less likely to quickly adopt stay-at-home
orders during the pandemic, and that individuals in those states exhibited less social distancing as a result.
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Figure 2. Vaccination rate by vote share and political party membership. Note: The figure uses the matched auxiliary dataset to
report COVID-19 vaccination rates by county-level Republican vote share for individuals registered as Republicans (red) and individuals
registered as Democrats (blue). Individuals are grouped into ten equal-sized bins based on the Republican vote share for the county
in which they live. The average vertical difference between the blue and red points reflects the estimated sign of §5. The average slope
of the linear best fit lines reflects the estimated sign of .

The foregoing discussion provides a theoretical basis for the contextual reinforcement assumption
in this setting. We empirically validate the assumption by drawing on an auxiliary dataset that
contains individual-level data on vaccination status, political party registration and neighborhood."®
We construct this dataset by matching a national dataset of voter registration records (L2 2024), which
contains individual-level data on political party, to a large dataset of electronic health care records
(Balraj et al. 2023), which contains individual-level data on COVID-19 vaccination status. Appendix
E of the Supplementary Material provides a further description of the underlying data sources and
of our matching procedure. The final matched dataset contains approximately 1.3 million registered
Republicans and Democrats in 2,576 counties and 49 states, plus the District of Columbia."’

Figure 2 uses the auxiliary data to plot vaccination rates by (binned) county-level Republican vote
share, separately for registered Republicans and Democrats. The figure provides visual support for
contextual reinforcement: the Republican bins tend to lie below the Democratic bins with similar
partisan makeup (so that the between-group association is negative) and both the Republican bins
and Democratic bins exhibit a downward sloping trend (so that the within-group association is also
negative). Formal statistical tests regarding the sign of these quantities yield the same conclusion (see
Table S3 in the Supplementary Material). Based on these results, we adopt the contextual reinforcement
assumption to interpret the county-level analyses.”’

For this validation analysis, we measure partisanship using party registration rather than voting behavior, as we obviously
cannot observe the latter at the individual level due to secret ballots.

While this is a large linked dataset, most of the literature has not been able to secure such individual-level data due to data
restrictions, hence relying primarily on aggregate data (see Albrecht 2022; Ye 2023).

20 A limitation of this analysis for assessing contextual reinforcement is that the set of individuals included in the auxiliary
dataset may not be representative of the overall population due to the nature of selection into our electronic health records
data or non-random match rates with the voter registration data. We obtain similar results when we replicate the analysis
using alternative matching criteria to construct the auxiliary sample (Table S$4 in the Supplementary Material) and when we
re-weight the auxiliary data to match known county-level political party composition (Table S5 in the Supplementary Material).
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Figure 3. Identification of partisan vaccination gap using monotone El. Note: The partisan vaccination gap is defined as the proportion
of vaccinated Democratic voters (and third-party supporters) subtracted from the proportion of vaccinated Republican voters.
A negative gap indicates that a lower share of Republican voters are vaccinated. Red bars are 95% confidence intervals following
Imbens and Manski (2004); the confidence intervals are based on standard errors from a county-level bootstrap with 1,000 bootstrap
replicates.

When contextual reinforcement holds, Corollary 5 establishes that we can identify the sign of the
difference in group means based on the sign of the difference between the NM and ER estimators.
As shown in Figure 3, we find that this difference is positive (p < 0.01), implying that Democrats
are vaccinated at higher rates than Republicans. In turn, the contextual reinforcement bounds from
Proposition 6 imply that the partisan vaccination gap is between —47.9 and —5.5 percentage points (95%
CL: -51.8 to —5.1).

Figure 3 summarizes our results under various identifying assumptions.”’ Imposing ép < 0 tightens
the MOB interval by 45%, whereas imposing dw < 0 tightens the MOB interval by 22%. Imposing
contextual reinforcement, our preferred assumption, implies that the partisan vaccination gap is
between —47.9 and —5.5 percentage points, an interval that is 67% smaller than the one obtained from
the MOB.

Finally, monotone EI may also be used to more precisely bound county-specific vaccine disparities.
For purposes of this exercise, we assume that contextual reinforcement holds locally for each county:
that is, 85 4+ dw,» 2 0 for all . To calculate the implied bounds from Proposition 9, we estimate p’ (X,,)
using population-weighted local linear approximation (Figure S3 in the Supplementary Material). For
Contra Costa County, which leans left-of-center politically, we estimate that the vaccination rate for
Republican voters is between 0.50 and 0.77 and that the vaccination rate for Democratic voters is
between 0.77 and 0.87. For Galveston County, which leans right-of-center politically, the respective
bounds for Republicans and Democrats are from 0.36 to 0.57 and from 0.57 to 0.89. Each of these
intervals is substantially narrower than the corresponding interval derived from the MOB (see Figure 4).

8. Conclusion

We study the classic statistical challenge of EI. Our results clarify the biases associated with, and
relationship among, several canonical EI methods for identifying group means and differences at the
population level. We use those results to derive a partial identification approach based on assumptions

A different limitation is the potential for discordance between the partisanship measure contained in the auxiliary data (party
registration) and the one employed in our main county-level analysis (presidential vote share).

“IFigure SI in the Supplementary Material provides corresponding results for mean vaccination rates separately among
Democrats and Republicans.
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Figure 4. County-specific bounds. Note: This figure shows the method of bounds for the partisan vaccination gap for each county
(red). The county-level bounds, based on the assumptions in Proposition 9, are shown in gray, and the estimated derivative of the
conditional expectation function of the vaccination rate by county partisan makeup is shown in black. The implied bounds for Contra
Costa County, California, and Galveston County, Texas, are highlighted in green.

about the sign of either or both of the conditional associations between the outcome of interest and
group membership or neighborhood group composition. Although our approach requires additional
structure relative to assumption-free tools like the MOB, the payoff to that additional structure can be
substantially tighter bounds for the parameter of interest.

For researchers seeking to apply our approach, Tables 1-3 can serve as a reference for the applicable
sharp bounds that apply based on what, if anything, one is willing to assume about the signs of §z and
dw. Once the relevant table cell is determined, calculating the bounds is straightforward because they
are derived from ER, the NM and the MOB endpoints. Those statistics are straightforward to calculate
individually or can be jointly calculated using the MonotoneEI R package.
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